Power harvesters that extract energy from vibrating systems via piezoelectric transduction show strong potential for powering smart wireless sensor devices in applications of health condition monitoring of rotating machinery and structures. This paper presents an analytical 
Introduction
The development of permanent embedded computing-based equipment has increased the demand from engineering industry to monitor or diagnose the health condition of structures and rotating machinery. The prevalent technological equipment still requires electrical power from the mains power supply or battery in order to read and transfer the electrical data signals via wireless sensor nodes into computer networks including data acquisition, instrument control and/or analyzers for condition health monitoring. An example in-depth theoretical and experimental review of such diagnosis and prognosis in the area of defence technology includes bearing vibration monitoring for engine turbomachinery as discussed by Howard [1] .
The conventional battery systems have a limited lifespan for power production. The systems are still dependent upon the electrical power from the battery or mains power supply for recharging. This leads to the tedious task of replacing the conventional battery from the smart sensor device often located in remote or inaccessible areas. Machinery vibration presents an ideal application for piezoelectric power harvesting providing continuous power to sensor networks whenever the equipment is operating. An example for possible future development can be found in the application of aircraft sensor network systems to tackle self-diagnosis of engines and structures, [2] .
The application of power harvesting using cantilevered piezoelectric beams under input dynamic motion coupling with power electronic components has been an attractive field to be investigated both mathematically and experimentally by researchers. The investigation of a single mode of the mathematical model for scavenging low electrical power based on a range of frequency responses using the piezoelectric-based accelerometer and the cantilever piezoelectric models under input transverse base motion has also become a topic of interest.
The electrical equivalent representation of the electromechanical piezoelectric structure has been discussed by Roundy and Wright [3] , investigating the single mode of the piezoelectric beam with two different sizes of tip mass to show the trend of electrical voltage. Later work from duToit et al [4, 5] investigated a single mode of the mathematical models for scavenging low electrical power based on a range of frequency responses using the lumped-mass piezoelectric-based accelerometer model and the cantilever piezoelectric model using Rayleigh-Ritz's method under input transverse base motion. The strain resulting from mechanical vibration associated with piezoelectric modes of operations of the cantilevered piezoelectric beam structure was shown to directly affect the electrical power output during the dynamic response. In the analytical solution, the short and open circuit models of power harvesting were optimised to obtain power harvesting based on the frequency response under various load impedances. The comparison between the experiment and theory was also undertaken. However, the power at the resonance region seemed to under predict the results.
Kim et al [6] further discussed the vibration energy harvester performance by considering the effects of tip mass geometry on the bimorph. The single mode of the electromechanical dynamic equations in scalar form given from duToit's representation [4] , was modelled based on the Rayleigh-Ritz's method. The trends of tip transverse displacement, voltage and power harvesting with and without tip masses were plotted with respect to the variation of load resistances where slight difference of results between the model and experiment were found.
Although, the purpose of simulation was the single mode FRFs, the multi-mode FRF model can provide a much more accurate representation as it can be adjusted to show the single mode response.
The closed-form analytical model for a vibration power harvester using the cantilever piezoelectric beam under input transverse excitation has been investigated using the normalised eigenfunction form [7] . The constitutive electromechanical equations showed the frequency response analysis of the tip transverse displacement, voltage and power modelled under varying load resistance. The frequency response electrical voltage and power analytical results showed good agreement with the experimental measurements. Goldschmidtboeing and Woias [8] investigated different shaped rectangle and truncated triangular piezoelectric beams with varying tip mass under base transverse excitation using Ritz-Rayleigh's method.
They showed that varying the mass ratio between tip mass and piezoelectric mass and truncated ratio or shape ratio between the rectangle and triangular portion of the piezoelectric beam could be used for optimum power tuning. They noticed that the triangular shaped beam provided greater power when compared with the rectangular beam. Shu and Lien [10] discussed a cantilevered bimorph piezoelectric beam coupled with an electronic circuit under dynamic input force. They provided an analytical model to obtain the non-dimensional normalized parameters of displacement, voltage and electrical power where the formulations were used to obtain the optimal parameter functions. Renaud et al [9] discussed the unimorph piezoelectric beam under input impact load to generate the electric voltage. The impact load was from a slider that hit the tip of the piezoelectric element. The electrical equivalent method was used to analyse the coupled unimorph electrical and mechanical system using the lumped mass single degree of freedom model. Recent power harvesting research using a new piezoelectric material, the single crystal relaxor ferroelectric material (PMN-PT) has been investigated by Mathers et al [11] , where the fabricated micro-piezoelectric cantilever beam with proof mass was used for predicting the vibration power harvesting. The use of piezoelectric material from PMN-PT with the interdigitated electrode (IDE) was aimed to improve the energy conversion efficiency where the use of varying proof mass from the polydimethylsiloxane (PDMS) aimed to tune the natural frequency. The analytical model of the elastic vibrating beam associated with the direct effect of the piezoelectric equation was used to give the electrical voltage frequency response. However, the modelled electromechanical dynamic behaviour of the piezoelectric beam did not consider the effect of backward piezoelectric coupling on the power harvesting model for the frequency responses of displacement, voltage and power.
Smart structures and associated mathematical modeling has been an attractive field for many researchers with various applications, although the previous references have not clearly provided the analytical methods in terms of Hamiltonian mechanics. In the earlier mathematical concepts, [12, 13] the piezoelectric crystal plate equations were derived using variational calculus establishing the constitutive dynamic equations of the electromechanical components. Later on, the application areas were extended to control systems where this included the analytical methods for control of the bimorph vibration [14] and the usage of piezoelectric tubes subjected to periodic excitation [15] using Hamiltonian mechanics. Some recent developments of piezoelectric technology concern the usage of piezoelectric material placed as a patch onto the structure and subject to ambient mechanical vibration in order to convert the vibration to useful electrical energy. Recent mathematical study of the weak and closed forms of the electromechanical dynamic equations of the piezoelectric bimorph with tip mass [16, 17] were derived using the strong form of Hamiltonian's principle. The normalised Ritz eigenfunction form was used to further formulate the weak form method whereas normalised direct analytical solution using boundary value method was further used to formulate the closed form method. The Laplace transformation in terms of frequency response functions were then applied to the electromechanical dynamic equations in order to give multi-output for multi-input responses. The validation with the experimental results in [17, 18] was also given with good agreement by considering one and two input base motions on the piezoelectric bimorph. This paper presents a novel analytical model of the dynamic behaviour of an electromechanical piezoelectric bimorph beam based on the normalised Ritz method using the weak form of Hamiltonian's principle. The Laplace transform of the dynamic equations based on the strain-polarity-electric field effects of the piezoelectric bimorph under two input base transverse and longitudinal excitations has been used to show the multi-mode frequency response functions. This includes the effect of input base transverse and longitudinal excitations onto the bimorph, where the parametric electromechanical effects of the piezoelectric bimorph due to the input base excitation affected the existence of the strain fields. It is also noted that the electrical force and moment of the piezoelectric bimorph can be further extended to establish the forward and backward piezoelectric couplings due to the effect of the transverse and longitudinal stress field of the piezoelectric bimorph interlayer which can affect the mechanical and electrical dynamic behaviours. Moreover, the theoretical analysis and experimental results of the electromechanical bimorph frequency response functions (FRFs) under the input base transverse acceleration were validated using measurement of the tip absolute dynamic displacement, velocity, electrical voltage, current and power harvesting. In addition, the FRFs of the bimorph with the tip mass under the action of simultaneous transverse and longitudinal accelerations are analysed to show polar power harvesting results.
Mathematical Analysis
The constitutive electromechanical dynamic equations of the piezoelectric bimorph beam was formulated using the weak form of Hamiltonian theorem that consisted of the strain energy of the central bimorph substructure (brass shim), the linear electrical enthalpy for the upper and lower piezoelectric layers, and the kinetic energy of the bimorph including the tip mass. The application of typical PZT material was considered in the theoretical bimorph beam model using the plane-stress relationship, the {3-1} mode of operation and the induced electrical field was developed in the z-direction or thickness of the material. The cantilevered piezoelectric bimorph beam was considered to have simultaneous two input base transverse and longitudinal excitations. The constitutive dynamic equation after simplifying [16, 17] can be written as, second integral can be a crucial part to be included when using finite element analysis if external loads are applied to the structure. In terms of the analytical approach proposed here, the second integral can be ignored because the displacement fields ( rel u , rel w ) and virtual displacement fields ( rel u δ , rel w δ ) were assumed as eigenfunction forms which meet the continuity of mechanical form or strain field and boundary geometry.
The solutions of Eq. (1) can be obtained using eigenfunction series of longitudinal extension and transverse bending effects. The form of the solutions can be prescribed as, 
The second dynamic equation represents the electromechanical piezoelectric bimorph under transverse bending form. It can be stated as,
The third dynamic equation represents the electromechanical piezoelectric bimorph under electrical form. It can be written as,
or it can be differentiated with respect to time to obtain current and with the addition of an external resistor into Eq. (5) 
The constitutive dynamic equations from Eqs. (3), (4) and (6) can be reformulated in matrix form by including the mechanical damping coefficients after integration with respect to y to give, (7) where: M which refers to the rotary inertia of the bimorph component. Eq. (7) can also be used for modelling the piezoelectric bimorph using either series or parallel electrical connection. The connections just depend on the chosen piezoelectric couplings and also the chosen internal capacitance which will be considered in the next section. In addition to that, other parameters from this case such as mass moment of inertia, stiffness coefficients, piezoelectric constant and permittivity are viewed as constant values. The analysis must also consider the geometry of the piezoelectric bimorph where it will affect all aspects of power harvesting performance.
The geometry of the piezoelectric bimorph beam with the tip mass was modelled as shown in Table 1 .
Normalised Constitutive Electromechanical Dynamic Equations
Corresponding with the convergent eigenfunction forms of Eq. (2), Eqs. (3), (4) and (5) need to be modified in order to achieve the orthonormality conditions. In this case, we introduce the convergent space-and time-dependent Ritz eigenfunction forms as,
In terms of considering only the mechanical equation, Eq. (8) can be substituted into Eqs. (3) and (4) to give the independent algebraic equations of the eigenvalues corresponding to the longitudinal and transverse bending form as,
or Eqs. (9) and (10) can be respectively formulated into explicit forms as, 
Corresponding to Eqs. (14) and (15), the normalised eigenfunction series forms can now be stated in terms of the generalised space-and time-dependent functions as,
Corresponding to Eqs. (3) and (4), the orthonormalisations can be proven by using Eq.
(16) and applying the orthogonality property of the mechanical dynamic equations for EulerBernoulli bimorph beam [17] as,
where rq δ is the Kronecker delta, defined as unity for r q = and zero for r q ≠ . The Rayleigh mechanical damping can be reduced in terms of orthonormalisation as, 
In this case, although the modal mechanical damping ratios can be determined mathematically, the chosen modal mechanical damping ratios 
It is noted that because Eq. (22) has been normalised due to Eq. (16), the normalised
Equation (22) can be solved using Laplace transforms. In this case, the multi-mode electromechanical dynamic equations of the piezoelectric bimorph system can be written as, The characteristic polynomial form from Eq. (22) can be formulated as, 
where the FRF in matrix form can be stated to give, 
and the following output and input vector representations can be stated as, 
It should be noted that Eqs. (47), (50) and (55) As shown in Fig. 9 , there was a slight increase of electrical current amplitude with 
where the densities 
The zeroth mass moment of inertia of the proof mass based on Fig. 1 can also be formulated as,
The second mass moment of inertia which is called the rotary inertia at the centre of gravity of the proof mass, can be written, 
and g x is the centre of gravity of the tip mass.
The transverse stiffness coefficient can be formulated as, 
where 11 Q represents the plane stress-based elastic stiffness of the bimorph beam.
Appendix C. Determining forward and backward piezoelectric coupling coefficients and internal capacitance of the piezoelectric bimorph
The piezoelectric coupling 31 R in terms of series and parallel electrical connections will be discussed in detail and new techniques for formulating the piezoelectric coupling will also be given. The electric field of the piezoelectric bimorph depends on the positive and negative terminals located on the lower and upper surfaces of the piezoelectric element, respectively.
Each connection (the series and parallel connections) can be arranged into two types of poled configurations i.e. X-poled and Y-Poled which depends on the direction of polarities and strain effect between the piezoelectric benders (upper element and lower element). As considered previously, the piezoelectric bimorph is not only assumed to undergo pure transverse bending but it also undergoes additional deformation i.e. longitudinal extension, which is reflected in the strain fields of the Euler-Bernoulli's beam expression. This will affect the polarisation of the piezoelectric bimorph which depends on strain at the lower and upper layers due to input mechanical vibration and also the chosen type of connections. The piezoelectric bimorph is assumed to have symmetrical geometry with the same material in the upper and lower layers and a brass centre shim. At this point, when the piezoelectric element was initially undeformed, the polarisation direction, for example, was in the z-axis (perpendicular to the bimorph length) giving the initial polarized state. Subsequently, when tensile stress acts perpendicular to the z-axis on the element, the polarisation will behave in the opposite direction to the z-axis. Conversely, when the piezoelectric element is under compressive stress perpendicular to the z-axis, the polarisation will be in the same direction as the z-axis. This indicates that the change of stress from tensile to compressive or vice versa in the piezoelectric element will result in a reversal of the direction of polarisation [18] . This situation is known as the direct piezoelectric effect where the polarisation is proportional to the stress field and the stress field is also proportional to the strain field which can be stated in terms of Einstein's summation convention as As mentioned previously, the space-dependent eigenfunctions can be used to develop the solution forms of the dynamic equations (Eq. (7)). To obtain the solution forms for Eqs. (3), (4) and (6), mechanical dynamic equations of transverse bending and longitudinal extension for the cantilevered piezoelectric bimorph beam with tip mass must be established independently to obtain the mode shapes or space-dependent eigenfunctions. These mode shapes are solution forms of the eigenfunction series to be used in Eq. (7). Firstly, the transverse bending dynamic equation for the cantilevered piezoelectric bimorph beam can be formulated as,
If rotary inertia from the piezoelectric bimorph is ignored, then
give four roots,
The boundary condition of the transverse bending equation can be formulated with the tip mass and rotary moment of inertia from the tip mass as,
The characteristic equation can be obtained after manipulation to give, The frequency equation and eigenvalues can be calculated by analysing the determinant from Eq. (D3) to give, ( ) ( ) ( After applying boundary conditions and some algebraic calculations, the mode shape can now be formulated as, ( ) 
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− × † Calculated according to the geometry and material properties of tip mass and the rotary inertia at centre of gravity of tip mass coincident with the end of the bimorph length as shown in Fig. 1 where ltip= 8.1 mm, htip= 5.7 mm, lo= 5 mm and stip= 6.4 mm (width). First and third coefficients refer to zeroth and second mass moment of inertias respectively Table 1 Characteristic properties of the piezoelectric bimorph system. 
